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Abstract

Round and plane turbulent heated water jets discharged vertically into a stagnant uniform ambient water are

considered. A di�erential turbulence model is used with numerical solution of the boundary layer equations. The In-

ternational Equation of State for Seawater is used for the calculation of the buoyancy force. It is found that the buoyant

jet characteristics are dependent on ambient water temperature due to nonlinear relationship between water density and

temperature. This ®nding is of great practical importance for the design of thermal and wastewater di�users. The design

can be achieved e�ciently using only mathematical models that include the water equation of state. Ó 2001 Elsevier

Science Ltd. All rights reserved.

1. Introduction

Buoyancy plays an important role in a number of

¯uid ¯ows of environmental importance. Examples in-

clude vertical motion of air in the atmosphere, spreading

of smoke and other pollutants in the atmosphere and

dispersal of volcano exhaust and water outfalls. Once

the ¯uid is set into motion, its velocity ®eld a�ects the

thermal ®eld and vice versa. The initial state of laminar

motion very quickly changes into turbulence and the

¯ow starts to spread radially by entrainment ambient

¯uid into the main ¯ow.

The round turbulent plume has been a subject of

investigation for more than 50 years. Rouse et al. [1]

obtained similarity relations for round plumes and ex-

perimentally veri®ed their functional forms. They gen-

erated plumes with gas burners and used thermocouples

and wind-vane anemometers to measure the mean

buoyancy and mean vertical velocity. George et al. [2]

measured the mean and turbulence quantities in an air

plume using hot-wire anemometry. Ogino et al. [3] used

hot ®lms and thermocouples to measure the centerline

decay rates of velocity and temperature in thermal water

buoyant jets. Kotsovinos [4] used thermistor probes to

measure the temperature ®elds in thermal water buoyant

jets and the same technique used by Papanicolaou and

List [5] for the same problem. Papanicolaou and List [6]

carried out a more comprehensive set of measurements

using LDA and laser-induced ¯uorescence technique in

salt water buoyant jets. Shabbir and George [7] used

hot-wires to study the structure of hot vertical air plume.

Dai et al. [8±11] studied the mixture fractions and

velocities in round turbulent air plumes using laser

velocimetry and laser-induced ¯uorescence.

Although existence of similarity has been con®rmed

in these experiments there has been some disagreement

about the centerline values of the mean velocity and

buoyancy pro®les as well as the plume spreading rate.

Shabbir and George [7] found substantial di�erences

between their results and that of Papanicolaou and List

[6]. The measured pro®les are lower and wider than that

of Papanicolaou and List [6]. On the other side Dai et al.

found that self-preserving round turbulent plumes were

narrower and had larger mean mixture fractions and

streamwise velocities near the axis than that of Shabbir

and George [7] in agreement with Papanicolaou and List

[6]. They argue that most previous experiments have

been conducted in the transitional region between jet

and fully developed plume. Many comparisons made in

the above works include both air and water plumes. The
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purpose of this paper is to show that the water plume

behavior is dependent on ambient temperature in con-

trary to air plumes. Consequently, the comparison be-

tween water and air plumes must be done carefully.

2. Analysis

Round buoyant jets can be parameterized in terms of

their ¯uxes of mass, momentum and density de®ciency

(or buoyancy ¯ux). If Q is the volume rate of ¯ow, M the

speci®c momentum ¯ux and B is the speci®c buoyancy

¯ux then the following de®nitions relate Q, M and B

Q � p
D2

4
Uo; �1�

M � QUo; �2�

B � Q
qa ÿ qo

qa

g; �3�

where D is the jet diameter, Uo the jet exit velocity and

qo and qa are jet exit and ambient density, respectively.

From the above quantities two characteristic length

scales are de®ned [5]

lQ � Q
M1=2

and lM � M3=4

B1=2
: �4�

The dimensionless elevation from the jet is de®ned as

n � x
lM
� p

4

� �ÿ1=4 1

Fo

x
D
; �5�

where x is the elevation from the jet nozzle and Fo is the

initial densimetric Froude number given by the follow-

ing equation:

Fo � Uo

qa ÿ qo

qa

gD
� �1=2

,
: �6�

The basic controlling parameter determining whether a

round buoyant jet behaves like jet or plume is the

quantity n. According to Papanicolaou and List [5] for

values of n > 5 the buoyant jet behaves like a plume and

for n < 1 like a jet. For 1 < n < 5 the buoyant jet is in a

transitional region. On the other side Dai and Faeth [11]

suggest that self-preservation is reached only when

x=D > 87 and n > 12 according to their measurements in

round air plumes.

It is known in the literature that there are similarity

solutions for the round and plane turbulent plumes. The

similarity relationships for the mean buoyancy and ve-

Nomenclature

AT centerline buoyancy

Au centerline dimensionless velocity

b0:5T temperature half width

b0:5u velocity half width

B speci®c buoyancy ¯ux

cp speci®c heat

D jet diameter or jet slot width

Fo initial densimetric Froude number

g gravitational acceleration

k turbulent kinetic energy

K mean bulk modulus

lM characteristic length scale, M3=4=B1=2

lQ characteristic length scale, Q=M1=2

M jet speci®c momentum ¯ux

n radial similarity variable

p pressure

Q jet volume ¯ux at the ori®ce

s salinity

T water temperature

Ta ambient water temperature

Tc centerline water temperature

To initial water temperature

T 02 mean square temperature ¯uctuation

u2 vertical velocity ¯uctuation

uv turbulent shear stress

uT 0 vertical turbulent heat ¯ux

U vertical mean velocity

Uc centerline vertical mean velocity

Uo jet exit velocity

v2 horizontal velocity ¯uctuation

vT 0 horizontal turbulent heat ¯ux

V horizontal mean velocity

W speci®c volume

x vertical coordinate

y horizontal coordinate

Greek symbols

a thermal expansion coe�cient of water

b local buoyancy ¯ux

e kinetic energy dissipation

k ratio of temperature width to velocity width

n dimensionless distance from the nozzle

q water density

qa ambient water density

qc water density at plume axis

qo initial water density

Subscripts

c centerline value

o initial value

a ambient value

Superscripts

i � 0 for plane plumes

i � 1 for round plumes
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locity proposed by Shabbir and George [7] for round

plumes are

g�qa ÿ q�=qaBÿ2=3x5=3 � AT exp�ÿ68n2�; �7�

UBÿ1=3x1=3 � Au exp�ÿ58n2�; �8�
where U is the plume streamwise mean velocity and n is

the radial similarity variable equal to r=x. The constants

AT and Au are determined experimentally. The buoyancy

¯ux for air plumes is constant and equal to its initial

value. For n � 0 Eqs. (7) and (8) take the following

form:

AT � g�qa ÿ qc�=qaBÿ2=3x5=3; �9�

Au � UcBÿ1=3x1=3; �10�
where qc and Uc is the centerline plume density and

velocity. AT and Au calculated by Shabbir and George

for air plumes are 9.4 and 3.4, respectively. Eq. (9) can

be written as follows for water plumes

AT � ga�Tc��Tc ÿ Ta�bÿ2=3x5=3; �11�
where a�Tc� is the water thermal expansion coe�cient

calculated at the local centerline temperature, Tc and Ta

are the plume centerline and ambient temperature and b
is the local buoyancy ¯ux. The initial buoyancy ¯ux B
has been replaced by the local buoyancy ¯ux because

this quantity is not constant in water plumes. The local

buoyancy ¯ux is related to the conserved heat ¯ux H by

the following relation [4]

b � a�Tc� gH
qcp

� a�Tc�gp
D2

4
Uo�To ÿ Ta�: �12�

From Eq. (12) it is clear that buoyancy ¯ux is not

conserved in a thermal water plume because a�Tc� is a

function of temperature and decreases as the temper-

ature decreases. Substituting b from (12) into (11)

yields

AT � a�Tc�1=3�Tc ÿ Ta�x5=3g1=3 p
D2

4
Uo�To

�
ÿ Ta�

�ÿ2=3

:

�13�
From the above equation it is clear that AT is pro-

portional to a�Tc�1=3
. It is well known that in a thermal

turbulent buoyant jet the temperature drops rapidly in

the initial region due to entrainment and afterwards the

jet temperature approaches the ambient temperature

asymptotically. In the plume region, where similarity

exists, the centerline temperature is very close to ambient

temperature. This means also that in a turbulent water

plume a�Tc� is very close to a�Ta�. However, it is known

that water thermal expansion coe�cient decreases as the

temperature decreases and becomes zero at 4°C. Con-

sequently, AT is not a constant for water plumes as it was

believed until now. Taking into account that a�Tc� �
a�Ta� it is seen that AT is essentially a function of the

plume ambient temperature and decreases as the plume

ambient temperature approaches 4°C.

Following the above procedure we obtain the fol-

lowing relation for Au

Au � a�Tc�ÿ1=3Ucx1=3gÿ1=3 p
D2

4
Uo�To

�
ÿ Ta�

�ÿ1=3

: �14�

From this equation it is seen that Au also is not a con-

stant for water plumes. Taking into account that

a�Tc� � a�Ta� it is seen that Au is also a function of the

plume ambient temperature and increases as the plume

ambient temperature approaches 4°C.

The above analysis is valid also for velocity and

temperature ¯uctuations. These quantities in similarity

form are given by Shabbir and George [7]. The tem-

perature variance g2a�T �2T 02bÿ4=3x10=3, the vertical tur-

bulent heat ¯ux uT 0bÿ1x2, the radial turbulent heat ¯ux

vT 0bÿ1x2, the vertical velocity ¯uctuation u2b2=3x2=3, the

radial velocity ¯uctuation v2bÿ2=3x2=3 and the turbulent

shear stress uvbÿ2=3x2=3 are all functions of the buoyancy

¯ux b which is a function of the water thermal expan-

sion coe�cient a�T �. Taking into account that a�T � �
a�Ta� it is seen that all the above quantities are func-

tions of the plume ambient temperature. For example

the temperature variance takes the following form

g2a�T �2T 02bÿ4=3x10=3 � g2=3a�T �2=3T 02

� p
D2

4
Uo�T0

�
ÿ Ta�

�ÿ4=3

x10=3: �15�

This quantity is proportional to a�T �2=3
and conse-

quently decreases as the plume ambient temperature

approaches 4°C.

For plane turbulent plumes the corresponding n
parameter determining whether a buoyant jet behaves

like jet or plume is [12]

n � 1

F 4=3
o

x
D
; �16�

where D is the slot width. The constants AT and Au are

AT � ga�Tc��Tc ÿ Ta�bÿ2=3x; �17�

Au � Ucb
ÿ1=3: �18�

Following the above procedure we obtain the following

relations for AT and Au

AT � a�Tc�1=3�Tc ÿ Ta�xg1=3 DUo�To� ÿ Ta��ÿ2=3
; �19�

Au � a�Tc�ÿ1=3Ucgÿ1=3 DUo�To� ÿ Ta��ÿ1=3: �20�
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From these relations it is also clear that AT and Au are

functions of the plume ambient temperature.

The dependence of AT and Au on ambient tempera-

ture is weak at high temperatures where the water den-

sity±temperature relationship is linear and becomes

stronger as the ambient temperature approaches the

maximum density temperature (4°C) where the density±

temperature relationship is nonlinear. This is maybe the

reason that this dependence has not been identi®ed until

now. For the three experimental works concerning

round water thermal plumes most frequently cited in the

literature, the ambient temperatures were the following.

Ogino et al. [3] mention that the ambient water tem-

perature of their experiments ranged between 12°C and

27°C but they did not give more details. In Kotsovinos

[4] measurements the water ambient temperature was

kept between 20°C and 23°C. Papanicolaou and List [5]

used ambient water temperatures between 23:90°C and

15:25°C. The most important experimental works con-

cerning plane water thermal plumes are those of Kot-

sovinos [12] and Ramaprian and Chandrasekhara [13].

In Kotsovinos measurements the water ambient tem-

perature was kept between 21°C and 25°C while

Ramaprian and Chandrasekhara used ambient tem-

peratures between 21:1°C and 24:4°C.

At these ambient temperatures it is di�cult to iden-

tify the in¯uence of Ta on AT and Au taking into account

the unavoidable experimental scatter.

3. The mathematical model

Experimental data for thermal water plumes at low

ambient temperatures have not been reported in the

literature. For that reason a mathematical model will be

used in this work in order to study the problem of plume

behavior at low ambient temperatures.

Consider a vertical turbulent jet discharging into a

calm environment with U and V denoting respectively

the mean velocity components in the x and y direction,

where x is vertically upwards and y is the coordinate

perpendicular to x. The ¯ow is assumed to be steady, of

the boundary-layer type. The governing equations of

this ¯ow with Boussinesq approximations are:

continuity equation :
oU
ox
� 1

y i

o�y iV �
oy

� 0; �21�

momentum equation :

U
oU
ox
� V

oU
oy
� 1

y i

o
oy
�ÿy iuv� ÿ qÿ qa

qa

g; �22�

energy equation :

U
oT
ox
� V

oT
oy
� 1

y i

o
oy

�
ÿ y ivT 0

�
: �23�

The superscript i is zero for plane jets and 1 for

round jets. The density of water, which is included in

(22), is generally a function of temperature, salinity

and pressure. In this paper the known from Ocean-

ography International Equation of State for Seawater

[14] is used for the calculation of density from tem-

perature, salinity and pressure. The following equation

is used

q�s; T ; p� � 1=W �s; T ; p�; �24�
where W �s; T ; p� is the speci®c volume. The speci®c

volume is calculated by

W �s; T ; p� � W �s; T ; 0��1ÿ p=K�s; T ; p��; �25�

where K�s; T ; p� is the mean bulk modulus. The bulk

modulus is calculated by

K�s; T ; p� � E � Fs� Gs3=2 � H
ÿ � Is� Js3=2

�
p

� �M � Ns�p2: �26�
The speci®c volume at atmospheric pressure is calcu-

lated by

W �s; T ; 0� � 1 A
ÿ� � Bs� Cs3=2 � Ds2

�
: �27�

In the above equations the coe�cients A;B;C;D;E; F ;
G;H ; I ; J ;M and N are polynomials in temperature. The

calculation procedure is the following: First the speci®c

volume at atmospheric pressure and the mean bulk

modulus are calculated, then it is calculated the speci®c

volume and ®nally the density. The equation of state for

seawater is valid for temperatures from ÿ2°C to 40°C,

salinities from 0½ to 40½ and pressures from 1 to

maximum oceanic pressure in bars. In this paper all

calculations have been made for zero salinity and at-

mospheric pressure, that is for 1 bar.

The two turbulent quantities uv; vT 0 shown in (22)

and (23) are the turbulent shear stress and heat ¯ux,

respectively. In order to solve Eqs. (21)±(23), a turbu-

lence closure model for these ¯uxes has to be speci®ed.

In the current work, the model proposed by Chen and

Chen [15] is adopted. The model is referred brie¯y as

the k±e±T 02 . The di�erential equations for the k±e±T 02

model, under the boundary-layer approximation, are as

follows:

U
ok
ox
� V

ok
oy
� 1

y i

o
oy

y ick
kv2

e
ok
oy

 !
ÿ uv

oU
oy

� a�T �guT 0 ÿ e; �28�

U
oe
ox
� V

oe
oy
� 1

y i

o
oy

y ice
kv2

e
oe
oy

 !
� ce1

e
k

�
�
ÿ uv

oU
oy
� a�T �guT 0

�
ÿ ce2

e2

k
; �29�
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U
oT 02

ox
� V

oT 02

oy
� 1

y i

o
oy

y icT
k2

e
oT 02

oy

 !
ÿ 2vT 0

oT
oy

ÿ cT 1

eT 02

k
; �30�

where k is the turbulent kinetic energy �k � �1=2�uiui�
and e is the dissipation of that energy

e

�
� v

oui

oxk

oui

oxk

�
:

T 02 is the ¯uctuating temperature and a�T � is the thermal

expansion coe�cient of water de®ned as

a�T � � ÿ 1

q
oq
oT

: �31�

In this work the thermal expansion coe�cient of water

at any temperature T1 was calculated from the following

equation

a�T1� � ÿ 1

q1

q2 ÿ q1

T2 ÿ T1

; �32�

where q1 and q2 are the densities corresponding to

temperature T1 and T2 (T2 � T1 � 0:01°C). The densities

were calculated using the International Equation of

State for Seawater.

The following approximated algebraic relations for

the uv; v2; vT 0; uT 0 are used

ÿuv � 1ÿ co

c1

v2

k
1

�
� a�T �kg�oT=oy�

che�oU=oy�
�

k2

e
oU
oy

; �33�

v2 � c2k; �34�

ÿvT 0 � 1

ch

v2

k
k2

e
oT
oy
; �35�

uT 0 � k
che

�
ÿ uv

oT
oy
ÿ vT 0 1� ÿ ch1� oU

oy

� a�T �g 1� ÿ ch1�T 02
�
: �36�

In the above k±e±T 02 turbulent model eleven (11) em-

pirical constants are included. Chen and Chen [15] used

the following constants.

co c1 c2 ce ce1 ce2

0:55 2:2 0:53 0:15 1:43 1:92
ck cT cT 1 ch ch1

0:225 0:13 1:25 3:2 0:5

Although more powerful and sophisticated turbulent

models have been developed in recent years and some of

the above constants have been modi®ed [16±20], in the

present work the same constants used by Chen and Chen

[15] have been used because the main purpose of this

work is to study the in¯uence of the water equation of

state and thermal expansion coe�cient on plume char-

acteristics.

Boundary conditions are applied at the edge and at

the axis of the buoyant jet as follows:

x > 0; y � 0;
o
oy

T ;U ; k; e; T 02
� �

� 0; �37�

x > 0; y !1; T � Ta; U � k � e � T 02 � 0:

�38�
At the beginning of the computation, the exit mean

velocity and temperature pro®les, the turbulent kinetic

energy, its dissipation rate and the temperature ¯uctu-

ation must be speci®ed. For velocity and temperature

distribution ¯at pro®les are assumed. The literature on

experimental measurements did not provide the pro®les

for the initial turbulent kinetic energy, its dissipation

function and the temperature ¯uctuation pro®le. In the

present analysis, Gaussian pro®les were assumed for

ko; eo; T 0
2

o .

Eqs. (21)±(23) and (28)±(30) form a parabolic system

and are solved by a method described by Patankar [21].

The ®nite di�erence method is used with primitive

variables x, y and a space marching procedure is used in

x direction. Calculations have been performed over half

of the jet as the ¯ow is symmetric. The inlet plane has

been located at the exit, where the outer boundary of the

calculation domain is located at y=D � 1. An expanding

grid has been used according to the following relation

yout � yin � cx; �39�
where yin is the location of the outer boundary at jet exit,

c the spreading rate of the outer boundary and x is the

distance at the current step. The appropriate value of c

has been found to be 0.20. The forward step size in-

creases in proportion to the width of the calculation

domain and the lateral cells are distributed uniformly. In

this work the forward step was 1% of the outer

boundary and a total of 300 lateral grid cells have been

used. For more information about the expanding grid,

see [22]. Calculations were made on a DEC ALPHA

7000 computer using quadruple precision accuracy.

4. Results and discussion

4.1. Round buoyant jets

In Figs. 1 and 2 the variation of AT with n for dif-

ferent ambient water temperatures and initial Froude

numbers 5 and 10, respectively are shown. These curves

have been produced using the above described math-

ematical model. From these ®gures some very interesting

conclusions can be drawn.
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1. It is clear that as n increases the AT parameter

approaches a constant value and the plume approaches

the self-preserving state.

2. At high ambient water temperatures where the

density±temperature relationship is linear all AT values

collapse to the same value independent of initial Froude

number and ambient water temperature. In contrary, at

ambient temperatures around the density extremum

temperature, AT values depend on ambient water tem-

perature and initial Froude number. Generally the AT

plume value decreases as the ambient temperature de-

creases according to the previous analysis but this trend

is not monotonic. For example, for Fo � 5 the AT value

that corresponds to Ta � 4°C is bigger than that of

Ta � 5°C.

3. At high ambient water temperatures the required

n value for reaching self-preservation is almost constant

and equal to about 12. At ambient temperatures

around the density extremum temperature, the required

n value is again a function of ambient water tempera-

ture and initial Froude number. In this region these

values are much greater. For example, for Fo � 5 and

Ta � 5°C this value is about 30. Thus the Dai and

Faeth [11] suggestion that self-preservation is reached

when x=D > 87 and n > 12 is not valid for round water

plumes at low ambient temperatures. In Figs. 3 and 4

the variation of Au with n for di�erent ambient water

temperatures and initial Froude numbers 5 and 10,

respectively are shown. The above mentioned conclu-

sions are also valid for Au values. At ambient temper-

atures around the density extremum temperature, Au

depend on ambient water temperature and initial Fro-

ude number and generally increases as the ambient

water temperature decreases. In Table 1 the values of

AT and Au calculated by the present work for Fo � 10

are shown in comparison with the existing values in the

literature.

In Figs. 5 and 6 the lateral mean buoyancy

g�qa ÿ q�=qab
ÿ2=3x5=3 and mean velocity Ubÿ1=3x1=3

pro®les are shown for Fo � 10 and Ta � 20°C, 10°C, 5°C

Fig. 3. Variation of centerline dimensionless velocity in round

buoyant jets for Fo � 5. Numbers near curves indicate ambient

temperatures.

Fig. 4. Variation of centerline dimensionless velocity in round

buoyant jets for Fo � 10. Numbers near curves indicate ambient

temperatures.

Fig. 2. Variation of centerline buoyancy in round buoyant jets

for Fo � 10. Numbers near curves indicate ambient tempera-

tures.

Fig. 1. Variation of centerline buoyancy in round buoyant jets

for Fo � 5. Numbers near curves indicate ambient tempera-

tures.
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and 4°C. From these ®gures it is clear that the buoyancy

decreases as the ambient temperature decreases and

the pro®les become narrower while the dimensionless

velocity Ubÿ1=3x1=3 increases and the pro®les become

wider.

In Fig. 7 the lateral dimensionless temperature

�T ÿ Ta�=�Tc ÿ Ta� and mean velocity U=Uc pro®les are

shown for Fo � 10 and Ta � 20°C and 4°C. From this

®gure it is seen that the temperature pro®les become

wider as the ambient temperature decreases while the

velocity pro®les become narrower. It is seen also that the

temperature pro®le is always wider than the corre-

sponding velocity pro®le but this relation is dependent

on ambient temperature. At Ta � 4°C the temperature

pro®le is much wider than that of velocity compared to

that of Ta � 20°C. The ratio of temperature half-width

to velocity half-width (k � b0:5T=b0:5U ) is 1.05 at

Ta � 20°C and 1.37 at Ta � 4°C. Integral models used

for design calculations like those evaluated by Alam et

al. [24] use a constant k value independent of ambient

conditions. Consequently, these models can be used at

low ambient water temperatures only when a variable k
is adopted.

The variation of temperature and velocity half-width

as function of x=D for Ta � 20°C and 4°C is illustrated

by Fig. 8 for Fo � 10. The temperature half-width be-

comes greater as the ambient temperature decreases

while the velocity half-width decreases.

In Fig. 9 the centerline temperature dilution

�To ÿ Ta�=�Tc ÿ Ta� and the corresponding centerline

density dilution �qa ÿ qo�=�qa ÿ qc� are shown for

Fo � 10 and di�erent ambient temperatures. From this

®gure it is seen that both dilutions are also a function of

ambient water temperature. The temperature dilution

decreases while the density dilution increases as the

ambient temperature decreases.

The mathematical model has also been used for the

calculation of velocity and temperature ¯uctuations in

similarity form given by Shabbir and George [7]. How-

ever, it is known that the measurement and simulation

of turbulent quantities are more di�cult than those of

mean values and the discrepancies among various

Fig. 7. Dimensionless temperature and velocity pro®les in

round plumes for Fo � 10 and Ta � 20°C and 4°C. Solid line

curves correspond to temperature and dashed lines to velocity.

Table 1

Summary of mean ¯ow centerline buoyancy and velocity

parameters for round plumes

Reference AT Au

Rouse et al. [1] (air) 11.00 4.70

George et al. [2] (air) 9.10 3.40

Ogino et al. [3] (water) 9.40 ±

Chen and Rodi [23] (review) 9.35 3.50

Kotsovinos [4] (water) 8.80 ±

Papanicolaou and List [5] (water) 11.11 ±

Papanicolaou and List [6] (water) 14.28 3.85

Shabbir and George [7] (air) 9.40 3.40

Dai and Faeth [11] (air) 12.60 4.30

Present study for Fo � 10

Water at Ta � 20°C 10.20 4.20

Water at Ta � 10°C 10.18 4.25

Water at Ta � 5°C 8.20 4.50

Water at Ta � 4°C 7.52 5.85

Fig. 6. Dimensionless velocity distribution across the round

plumes for Fo � 10. Numbers near curves indicate ambient

temperatures.

Fig. 5. Dimensionless buoyancy distribution across the round

plumes for Fo � 10. Numbers near curves indicate ambient

temperatures.
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investigations are greater. There are either small or great

discrepancies between the predicted and measured

quantities by Shabbir and George [7] but the most

important is the con®rmation of the dependence of

these quantities on ambient water temperature. For ex-

ample, the centerline value of temperature variance

g2a�T �2T 02bÿ4=3x10=3 calculated at Ta � 4°C is 83% lower

than that which corresponds to Ta � 20°C for the same

Froude number (Fo � 10). This reduction is in ac-

cordance with the above ®nding that this quantity

decreases as the ambient temperature decreases.

4.2. Plane buoyant jets

In Figs. 10 and 11 the variation of AT and Au with n
for di�erent ambient water temperatures and initial

Froude numbers 5 and 10, respectively are shown. These

®gures show again the dependence of AT and Au on

ambient water temperature but there is no signi®cant

dependence on initial Froude number as is the case in

round buoyant jets. In Table 2 the values of AT and Au

calculated by the present method are shown in com-

parison with the existing values in the literature.

Fig. 9. Centerline dilution in round buoyant jets for Fo � 10.

Solid lines correspond to temperature dilution and dashed lines

to density dilution. Numbers near curves indicate ambient

temperatures.

Fig. 10. Variation of centerline buoyancy in plane buoyant jets

for Fo � 5 and 10. Solid line curves correspond to Fo � 5 and

dashed lines to Fo � 10. Numbers near curves indicate ambient

temperatures.

Fig. 11. Variation of centerline dimensionless velocity in plane

buoyant jets for Fo � 5 and 10. Solid line curves correspond to

Fo � 5 and dashed lines to Fo � 10. Numbers near curves in-

dicate ambient temperatures.

Fig. 8. Temperature and velocity half-width in round buoyant

jets for Fo � 10 and Ta � 20°C and 4°C. Solid line curves cor-

respond to temperature and dashed lines to velocity.

Table 2

Summary of mean ¯ow centerline buoyancy and velocity

parameters for plane plumes

Reference AT Au

Rouse et al. [1] (air) 2.60 1.80

Kotsovinos [12] (water) 2.38 1.66

Chen and Rodi [23] (review) 2.40 1.90

Ramaprian and Chandrasekhara

[13] (water)

2.56 2.13

Present study for Fo � 5 and 10

Water at Ta � 20°C 2.90 2.08

Water at Ta � 10°C 2.89 2.09

Water at Ta � 5°C 2.77 2.17

Water at Ta � 4°C 2.32 2.44
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Results were also produced for lateral dimensionless

temperature �T ÿ Ta�=�Tc ÿ Ta� and mean velocity U=Uc

pro®les. The results are similar to that of round plumes.

The temperature pro®les become wider as the ambient

temperature decreases while the velocity pro®les become

narrower. The temperature pro®les are always wider

than velocity pro®les and k is dependent again on am-

bient temperature.

In Fig. 12 the centerline temperature dilution

�To ÿ Ta�=�Tc ÿ Ta� and the corresponding centerline

density dilution �qa ÿ qo�=�qa ÿ qc� are shown for

Fo � 10 and di�erent ambient temperatures. From this

®gure it is seen that both dilutions are also a function of

ambient water temperature. Another interesting con-

clusion drawn from this ®gure is that the dependence of

centerline temperature dilution on ambient temperature

is not so strong as in the case of round plumes and that

for the same initial Froude number, the same ambient

temperature and the same axial distance, dilution in

round plumes is much greater than that of plane

plumes.

An interesting question arising from the above

analysis is the following. When water plumes behave

like air plumes and when they do not? For example,

the lateral mean buoyancy g�qa ÿ q�=qab
ÿ2=3x5=3 pro-

®les of round plumes are almost identical for ambient

temperatures greater than 10°C (Fig. 5) and it could be

claimed that in this region round water plumes behave

like air plumes concerning this quantity. The mean

velocity Ubÿ1=3x1=3 pro®les are almost identical for

ambient temperatures greater than 5°C (Fig. 6). The

situation is quite di�erent concerning the centerline

temperature dilution �To ÿ Ta�=�Tc ÿ Ta� and the cen-

terline density dilution �qa ÿ qo�=�qa ÿ qc� (Fig. 9). It

is known that for air plumes the two dilutions are

almost identical independent of the ambient tempera-

ture, i.e.,

qa ÿ qo

qa ÿ qc

� To ÿ Ta

Tc ÿ Ta

: �40�

From Fig. 9 it is seen that for round water plumes the

two dilutions are close to each other only for Ta > 30°C

and this is valid only for small distances from the jet

nozzle. Things are better for plane plumes. The lateral

mean buoyancy g�qa ÿ q�=qab
ÿ2=3x and velocity pro®les

Ubÿ1=3 of plane plumes are almost identical for ambient

temperatures greater than 10°C and it could be claimed

that in this region plane water plumes behave like air

plumes. In addition, centerline temperature and density

dilutions (Fig. 12) are close to each other for Ta > 20°C.

In conclusion it could be claimed that round water

plumes behave like air plumes for Ta > 30°C and plane

plumes for Ta > 20°C.

The e�ect of ambient water temperature on centerline

dilution in water buoyant jets is of great importance for

practical applications. For example a water plume dis-

charging from a thermal power plant di�user has smaller

centerline temperature dilution in winter than in summer

for the same Froude number. This conclusion has also

great importance for wastewater di�users. In this case of

great importance is the dilution of a passive tracer like

BOD or a toxic substance which is carried by the plume

¯ow. If there is a temperature di�erence between the

discharge and the ambient water (and this happens in

most cases) the centerline temperature dilution will be

smaller in winter than in summer for the same initial

Froude number. The corresponding centerline density

dilution will be larger in winter than in summer and this

is valid also for the passive tracer dilution which is as-

sumed to be equal to �qa ÿ qo�=�qa ÿ qc�. It is advocated

here that, all mathematical models available for the

calculation of dilution from di�users, which do not in-

clude the water equation of state, are unsuitable to pre-

dict the dilution e�ciently when a temperature di�erence

exists between the discharge and the ambient water.

5. Conclusions

The main ®nding of this work is the dependence of

water buoyant jets behavior on ambient water tem-

perature. The centerline similarity plume values of mean

buoyancy and mean velocity, the lateral dimensionless

temperature and mean velocity pro®les, the temperature

and velocity jet width, the spreading ratio between the

temperature and velocity pro®le and the centerline

temperature and density dilution are all functions of

ambient water temperature. This dependence is due to

nonlinear relationship between water density and tem-

perature. This ®nding is of great practical importance

for the design of thermal and wastewater di�users which

can be achieved using mathematical models that include

the water equation of state.

Fig. 12. Centerline dilution in plane buoyant jets for Fo � 10.

Solid lines correspond to temperature dilution and dashed lines

to density dilution. Numbers near curves indicate ambient

temperatures.
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